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Circularly polarized light emission in scanning tunneling microscopy of magnetic systems
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Light is produced when a scanning tunneling microscope is used to probe a metal surface. Recent experi-
ments on cobalt utilizing a tungsten tip found that the light is circularly polarized; the sense of circular
polarization depends on the direction of the sample magnetization, and the degree of polarization is of order
10%. This raises the possibility of constructing a magnetic microscope with very good spatial resolution. We
present a theory of this effect for iron and cobalt and find a degree of polarization of order 0.1%. This is in
disagreement with the experiments on cobalt as well as previous theoretical work which found order of
magnitude agreement with the experimental results. However, a recent experiment on iron showed 0.0
+2%. We predict that the use of a silver tip would increase the degree of circular polarization for a range of
photon energies.

[. INTRODUCTION tion undergoes a Kerr rotation. This second contribution de-
pends on the polarizability of the tip as well as the dielectric
The last ten years have seen a rapid development of thgroperties of the sample and can be significantly larger than
field of magnetic dichroism, especially where the response athe first contribution.
a system to left and right circularly polarized light is probed; = We obtain results which are between one and two orders
so called circular dichroisthFor a magnetic material this is of magnitude smaller than that measured byziflzes de
magnetic circular dichroisniMCD). Experiments involve Parga and Alvaradobut consistent with the measurements
x-ray absorptiorf, as well as standard photoemission of Pierceet al’” Both workers used W tips, but we find that
techniques. for a Ag tip, Co and Fe produce a larger degree of circular
The possibility of a method of microscopic measurementsolarization for a range of photon energies.
of surface magnetism has been suggested by a recent There are other sources of circular polarization that are
experiment In this experiment, circularly polarized light not magnetic in origin. For example, experiments by
emitted from a scanning tunneling microsco{®TM) was  Vazques de Parga and Alvarddand theory by Anisimovas
observed when the surface of a ferromagnetic matétia)
was probed wh a W tip in a longitudinal configuratiotsee
Fig. 1, the applied magnetic field is parallel to both the sur- A
face plane and to the plane of light detecjiofhe handed-
ness of the circular polarization was found to depend on the §
direction of the applied field and the degree of polarization DS
was between 5 and 10 %. The results ofzyfaes de Parga
and Alvarad8 looks, at first sight, to have been corroborated l
4
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by the theoretical work of Majli®t al® In principle such an
effect, if confirmed, should make it possible to map the mag-

netic microstructure of a surface by measuring the circular g, 1. The schematic experimental set-up in the experiments of
because a STM tip provides very good spatial resolution.showing the relative orientation of the applied magnetic figd in
However, a more recent experiment of this type, by Piercehe plane of the 0®001)/Fg001) surface &,y pland, tungsten tip
et al carried out on Fe wit a W tip, found 0.6-2% circu-  orientation, and optical detection axis. With the help of the so called
lar polarization. reciprocity theoreniEq. (4)] one can relate the field intensity at the
In this paper we calculate the degree of circular polarizadetector due to a current at the fig" (detectoy] to the “detector-
tion for Fe and Co. We find two contributions to the circular generated” field intensity between tip and samp’). The latter
polarization. The first is due to the Kerr rotation of the light is easier to construct and hence makes it rather straightforward to
emitted in the tunneling process. The second contribution ifind the field we are most interested in; the one in the tip reggon.
due to the polarization of the scanning tip by the electric field(=x) andp denote two orthogonal polarization directions at the
of the emitted light. The polarized tip radiates and the radiadetector.
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and Johanss@rshow that an asymmetric STM tip can pro-  Expressing the degree of polarizatipi of the emitted
duce a degree of circular polarization on the order of 10%.light in terms of Stoke’s parameters we have

In Sec. Il we develop a theory for the degree of circular
polarization produced by an STM tip in the presence of a + SHEH
magnetic sample based on the magneto-optic Kerr effect. In p=p =g (1)
order to understand the physics of the magnetic circular di- _ o _
chroism in these experiments the tip is modeled by a dipoleTh superscripts 08; andp indicate whether the magneti-
The purpose of the dipole model is solely to help to underZation is parallel ) or antiparallel ¢-) to the surface pro-
stand the physics and is introduced mainly for pedagogicd®ctionk, of the photon wave vector. Following the defini-
reasons. In Sec. lil the theoretical description of the tip ision given by Jacksdr and concentrating o™, left-
improved for the purpose of obtaining reliable numerical escircular polarized lightpositive helicity has the polarization
timates of the degree of circular polarization. These resultsector e, = (p—is)/\/2, whereas for right-circular polariza-
are discussed in Sec. IV. tion e_=(p+is)/\2, where, see Fig. 5=x andp= 6 are
s and p-polarization unit vectors. In terms of the electric
field E;p at the detector caused by the source at théTijp
the Stokes parameters are

In this section we obtain an expression for the circular R R
polarization of light emitted when an STM tip scans a mag- So=|€} -EL > +]e* -EL 2= Ej|2+|EL[?
netic material. The calculation is divided into five paf) and
We first describe the experiment and express the results in
terms of Stokes paramete(B,) The electromagnetic fields in %% =T 12 %% =T (2 Te*T
the tip region are related to the fields at the deted©y.A Ss=let Espl e Espl"=—2Im[EE; .
model for the tip is introduced which makes the problemAs a result,
tractable.(D) The local field outside the tip is related to the

Il. THEORY

tip polarization, in the presence of a magnetic subst(&e. ) EIE;T El
The different contributions are assembled and we obtain a pr=-21Im ETI24 |ETI2 ~- el @)
theoretical expression for the changes in the circular polar- | P| |Esl p

ization due to a change in the direction of the applied magyhere the last approximation follows becay&d| is nor-
netic field. mally much smaller thafEj| for the particular setup we are
considering. Hence, the experimentally measured quantity is

A. Theoretical expression for MCD T
E;(detectoy

E(detectoy

In this section we relate the MCD to the field amplitudes p =p =~2Im
at the detector. The experiments by2daes de Parga and

Alvar_add‘ and Ple_rceet al. us_ed_the _Iongltudmal configura- The basic physics behind these equations is that tunneling
tion, i.e., the applied magnetic field is parallel to the plane of

S ! oF electrons undergoing inelastic events via spontaneous emis-
incidence and in the surface plane of (G@01) [thin film going P

. . i d diating field in the vicinity of the tip. Thi
grown on Ayl111)] and F€001) (whisken, respectively. ston produce a fadiating Tieid In the vicinrty ot the tip 1S

) leads primarily to emission op-polarized light, but when
Light was detected at an angle of 3measured from the ofiacted in the surface of the magnetic sample it also gives

surface and tungsten tips were gsed in both experiments. Th&e to a small field component in a direction parallel to the
emitted radiation showed circular polarization which urface due to the Kerr effect. We have thus expressed the

chﬁmged when ﬂ&e applied r;a?netg:dngeldd vf\{asdreverse easured MCD in terms of the field amplitudes at the detec-
Whereas Vaques de Parga and Alvaradesed a fixed quar- ¢ fagilitate the ensuing calculations, we will next relate

ter wave plate and carry out the analysis by a linear polarizety, o e tin_induced fields in the detector region to complemen-

I?lerceet al.” use a rotating quarter wave plate and a f'Xedtary fields generated by sources at the detector.
linear analyzer. In both experiments control measurements

were performed on clean Alll) samples and yielded no
change of the polarization of the emitted light upewersal
of the external magnetic field. The background due to geo- In this subsection we use the reciprocity theorem to refor-
metric details of tip-sample junctions such as those discussadulate Eq.(3). The electrons tunneling inelastically between
in Refs. 8 and 9 and any residual dichroism of the view portip and sample can emit photons and are a source of electro-
of the UHV system were removed by reversing the magnemagnetic radiation. This radiation couples to tip and sample
tization of the sample. and is finally detected far from the tip. We have previously

The results of the two groups were very different. Piercefound'? that it is convenient to use the reciprocity theorem of
et al” found no magnetization dependent circular polariza-classical electrodynamitbin such a situation because it al-
tion within an experimental uncertainty of 2% whereas lows the radiated field to be approximately determined by a
Vazques de Parga and Alvarddiound values of the order nonretarded calculation if the wavelength of the emitted light
5-10%. An earlier experiment using a Ni tip, thus injectingis large compared to the relevant tip extension. This theorem
spin-polarized electrons, and a Ni polycrystal sample als@ssentially states that the result of a measurement is un-
showed a large MCD upon reversal of the magnetization othanged if the source and field points are interchanged. Here,
the tip® the reciprocity theorem can be written as

—-(M—=-=M). (3

B. Reciprocity theorem
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Combining Eqg.(9) with Eqg. (3) and also including the
; JdVEjT(X) JJ-D(X)ZE deEjD(X)JjT(X), (40 complementary-medium sign change we obtain

wherej denotes the componentsy, andz The current™(®) EYjs ES/EM
at the tip(detectoy is the source for the electromagnetic field pT=21m o | o7 NG (10
ET(D). EXip EZ/Ep

Equation(4) is valid for media with time-reversal symme- _ 4 .
try. I?iowever, a magnetic material does not fulfill tiyilis con- gndp IS p (M_’_M.)' I_n the iast iine we have Creplaced
dition and one has to use a modified reciprocity thedfem Jsp DY ihe .correspondinglincpming field strengEEL%p since
whereby Eq.(4) can still be used provided the true medium S polgrizgtion andp polarization rt_apres_ent two orthogonal .
is replaced by its complementary meditane with reversed polarization states. Thus the reC|proc_|ty theorem makes it
magnetic fieldl. If the dielectric tensor of the real medium is p_o.55|bIeTto express the t|p-gener.ated f"?ld at _the detector po-
e, then the complementary medium has a dielectric tensop'!" [En(detector] as the fields in the tip region generated
€ which is the transpose of;j; €/ =¢;. The dielectric by incomings- andp-polarized waves.
matrix has the form

C. Determination of fields at STM tip

es(w) €105 —esinysing In this section we model the STM tip in such a way as to

= — €,C0S¢ es(w) €,C08ysing |, include the main physical effects and to allow the develop-
€1SiNysing — e cosysing es() ment of a f(_)rmalism for dgtermini_ng the fields at the tip. The
(5) system of tip and sample is a difficult one to treat for several
reasons. Even if the tip was perfect, in the sense of having a
where the notatior; (w)=iQes(w) is sometimes used with  \ell-characterized geometrical shape, the resulting electro-
Q being the so called magneto-optical constant &g{@) is  magnetic field problem has relatively low symmetry. Conse-
the substrate dielectric function. The angesindy specify  quently, we model the tip as a polarizable sphere of raBjus
the direction of the applied magnetic field with respect to theyith a scalar polarizabilityr,(w), situated a distanceé=R
surface normal and the plane of incidence. We see that the p from a surface. Then we replace the sphere with a di-
complementary medium corresponds to changing the sign qole atd. In this way we include the relevant physics, such
the off-diagonal components. as a relatively constant field in the region between tip and
To a high degree of accuracy, the current between the tigample, while making the problem tractable. Since the circu-
and sample is spatially well-localized and perpendicular tqar polarization is a ratio between two quantities, we hope

the substrate. Thus we write that a simpler model can capture the main features of the
T . emitted light. A dipole model was also used to study the
Jj (X)=2J4(p,2), (6)  polar Kerr effect by Kosobukilt in the context of near field

.. o optics. In Sec. Il we improve upon this by using the full
wherez is normal to the surface, pointing inwards. The rela-gphere in the calculations. We consider the nonmagnetic situ-

. . D .y . . .
tive independence d, on position in the surface-tip region atjon in this section and introduce the magnetic substrate in
has been verified by numerical calculatiband is also akey gec. |1 D.

feature of the models used in this paper. We can take out an consider a sphere centereddst(0,0,—d) where —d is
average value oE® in the region between tip and sample the position of the sphere outside a metal surface whose op-

and write the right hand side of E¢4) as tical reflection can be described in terms of its Fresnel reflec-
tion coefficientsps and p,, for s-polarized andp-polarized
E?J dVJ(p.2)=],EP. (7)  light, respectively. The tigsphere above the surface ie-
placed by a point polarizable dipole with polarizability

ED is the perpendicular component®P, with respect to the ~o(®). The total electromagnetic ﬁe"jxi’“ the ?"'OSX'F. position
surface plane, i.e., in thedirection. The electronic current E(d”.") can be divided mtq two partE _an_dE :E”Vis the
from the STM flows primarily in the normal direction with solgtiqn to Maxwelll equations W.'trt] an |nC|dgnt electromag-
respect to the surface, thus only a perpendicular compone tic field and no tip present while is a solution when we

of a “detector-generated” field can couple to that tunneling ave no incoming electromagnetic field but the induced' field
current at the tip plays the role of aourceterm. Assume the point

On the left hand side of E@4), we insert a current source dipole has an induced dipole moment (PP, ). The so-

with two components Iutio_n to theE_t problem can be simplified if we decompose
the induced field at the tip in Fourier components parallel to
IP(X) = Aj (X~ Xp), ) the surfacgk) and note that they play the role of incoming

electromagnetic fields analogous to the situation in ER&
wherex, is the detector position amticorresponds to either Problem(however, we have to sum over all possible parallel

. A A . wave vector components to get the total fiel@he (neay
the directions or p. Notice that these currents generate two,. . ; g
. D . . n- field from a dipole can be Fourier decomposed according to
differentE; , which we write as€s; in what follows (h=s or

p). Equations(4), (7), and(8) yield

2
E(x,w)zf a’k E(k,z,w)e'X (11

E, (detectoyj,=j,E". 9) (27r)?
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whereE(k,z, ) is the analog to an “incoming” electromag- demonstration of this is fouéfor a sphere outside a sur-
netic field. In our case the lowest order magnetic componerface. Combining Eq9.15) and(16) we obtain the total field
is smaller than the electric field by a facted/c<1. The at the dipole position

total field from the dipole and its imatfeis expressed in

components parallel and perpendicular to the surface as E"(d)=P(d)/a,
; ~ - ) — [Eex t
El(k,2,0) = IP[E%P*+ (psTEP— py(1-T)ED)e 7] A +E
(12) =E™{(d)+GEP{(d)+ G, 2E™(d),  (20)
d . , . .
an whereG | E®is the field at the tip, due to the image of the
E' (k,z,w)=—ik- Eﬁ(eipqppe—iw), (13)  tip produced byP , . We have introduced an image factor
] o G; defined as
where ps and p, are the reflection coefficients f& and
p-polarized light scattered from the surface. In Ed®) and ag(w)F|
. G =T, 21
(13) we have introduced I =T ag(@)Fys (21)
27 . 'GR E i i-
o_ 2T ipd _ K or a substrate characterized by a frequency dependent di
B p °© kP, +pRy+ pTPH 39 electric functioneg(w) we find in the nonretarded limit

and the transverse projection operator in the surface plane is

T=1-kk, wherek is a unit vector along. Furthermore F.=2F=
p?+k?=q?= w?/c? for the wave vectog=(k,p) of the in-

coming field. In order to use the reciprocity theorem above, Eq. (20),
we expose the surface and the tip to an incoming electroma
netic fieldE™®. In the absence of the tip the total field would
be E=EMc+ E™l whereE™ is the reflected field. Upon
introducing the dipole, it will develop an induced polariza-
tion

Lty 22)
443 es(w)+1
a, contains information about the dipole reso-
Hances andF|, contains information about the surface
(sampleg resonanceseg+1=0 corresponds to surface plas-
mong. From Eq.(21) we see how the tip and sample couple
to yield new eigenmodes at the poles ®f , , and also a
possible field enhancement. In this respect our model con-
— ex t tains all the features of more refined calculations for the
P(d) = ao(w)[E7{d) + E(d)], (19 STM configurationt* For the dipole(tip), we use the polar-
whered=(0,0,—d) is the position of the dipole anB'(d) is izability for a sphere of radiuRR and dielectric function
the image field of the polarized tip due to the presencB.of e;(w):
One can show th#t (see also Appendix A
: ; (=R (23)
E'(d)=F/P+F P,z (16) Aol @)= er(w)+2°

for P in the surface planeR|) or perpendicular to itR,).

! ) X In this way one can also include a more accurate dielectric
We have defined the feed-back, or image functions y

response of the tip, e.g., using measured valueg{forThe
1 (> e?ipd factor 2 in the denominator is actually-(L + 1/n) wheren is
FHZEJ dkk_i [0%ps(k,0)— pzpp(k,a))] a7 th_e SO _called erolarization facto_r. Thus we could also
0 P mimic different tip shapes by choosing different valuesiof

and In the following discussion we retain ER0) as a generic
. form for the resulting field at the tip position when an incom-
o e?pd ing field is incident on the tip and the sample. Notice also
F.= 0 dkks__ip[Pp(k"”)] (18 that the only boundary condition matching is done in the

absence of the tip. After this the self-consistency condition
after performing an angular integration in the surface planefor the induced dipole momenEq. (15)] adjusts the total
The non-retarded limit foF| andF, is obtained by letting field strength appropriately.
c— o with the result thap is replaced byik.

Equation(15) is a self-consistency condition on the in- D. Local field near tip with magnetic substrate
duced dipole moment representing the tip. SolvingRowre ,
obtain In Sec. Il B we related the fields at the detector to the
fields of the inverse problem where light is scattered from
ao(w) the tip. In the previous section we showed how the incoming
PFmEfxt(d), (19 field is affected by the presence of a tip outside a nonmag-

netic solid. Furthermore, we expressed the fields in terms of
wherei=|| and L. The denominator in Eq19) can be in- the total field outside the substrate in the absence of the tip:
cluded with the field to form an effective field acting on the E®*{(d) in Eq. (20). Now we will calculateE®*{(d), and also
unperturbed tigdipole) or it can be included with the bare consider the changes in the reflected dipole field, in the pres-
polarizability «, to form an effective polarizability. For spe- ence of amagneticsample. We first address the field felt by
cial frequencies, the coupled system exhibits resonancestunneling electron that undergoes an inelastic event leading
when Reg,F;)=1 andP; can be very large. An explicit to the light emission.
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In the previous section we calculated the induced polarwhich is the standard Fresnel restitp=/g?—k? and for
ization at the tip in a self-consistent manner and obtained thg>k,k=q sin# with # being the angle of incidence. F&r
field at the tip position itself. A tunneling electron will not >q,p—ik. ps= Jg%es(w) —k?, with es(w) defined above.
only feel the incoming field and the reflected field of the Finally q= w/c, wherec is the light velocity. Apart from the
incoming light, but the tip-induced image field as well as thedirect reflection ofs-polarized light there is a small but cru-

direct dipole field from the tip. In the region between the cial conversion frons- to p-polarized light with a reflection
actual tip and substrate these fields vary only slightly sincegefficient

the dipole is far away from the surfade>D. We can write
the field acting on a tunneling electron ag,(): kpq ) 5 )
- Pos= ) o T paesprpg YT Ol TS
Ei=FoPi=Foao(1+G)(1+p)E, (29 27

where all fields represent average values in between tip ang s proportional toe;(w) since it comes from the off-
sample.F, is a the dipole factor which gives the field giagonal response. For |arges,pps°<61/6§- With Zak's
strength for a given polarizabiliti. Notice that if we have  fie|q conventions, Eq(27) corresponds to a reflected field
no surface preser=F, grecroE ™, WhereFo giec is the amplitude, — p,ELsin g, in the z direction. It is clear from
direct part ofF,. We see that (+G) plays the role of a * gq (27) that a general direction of the applied magnetic field
field enhancing factor for the incoming and scattered electroy, 1he surface plane corresponds to replaciatw) in the
magnetic fields from the surface ¢1p)E™. a, is a property  gyictly longitudinal configuration ¢=/2) by e;(w)siny

of the tip, G depends on both the sample and the tip, ail ¢, the spolarized case. Changing the direction Mf (y

a property of the sample. ; :

To determineP we first have to calculate the reflected Hjézgagﬂgnt%eesstri: Igga?)j/gsisazs:tast?g\?ekp;poIarized in-
field from a magnetic surface and such a reflection involve%oming light we find, to lowest order in the off-diagonal
the magneto-optic Kerr effect. For general angles betweepiaments:
applied magnetic field, surface plane and plane of incidence
there is an excellent treatment by Zekal® which is very
useful when dealing with light reflection from a magnetic —
solid. For a general magnetic configuration the proper form €sPTPs
of the dielectric matrix was given in Eq5). The off-  with
diagonal elements of this tensor carry the information about
the Kerr effect. The origin of the nondiagonal components is —26,(w)pk
a coupling between the spin of the electrons in the solid and pr=—"—_—""7.
their orbital momentum due to the atomic potentiédpin- [es(w)p+ps]
orbit coupling. The first theoretical calculations of this ef-

fect were carried out by Hulm&and Argyres?® Equation(5) conversion ispsp=— pys. The first term in Eq(28) is the

assumes that the dielectric tensor is diagonal Weg®)  standard Fresnel reflection coefficient for a nonmagnetic
=0 (this approximation can be relaxed but it does not influ-gjiq 1 For later use we need the nonretarded limit of Egs.

__€sP—Ps

+ prcosy+ O( ei) (29

(29

The corresponding reflection coefficient ferto s-polarized

ence our final conclusions (28) and (29), viz.:

For the applied magnetic field in the surface plane we can '
use Eq(5) for the general dielectric tensor with= 7/2 and es(w)—1 )
one angle §) suffices to specify the direction d#l with pg=m+p$cosw— O(e€7), (30
respect to the plane of incidence. The dielectric matrix in Eq. S
(5) then simplifies to where

es(w) 0 —€e1(w)siny . 2i€y(w)
€= 0 €s(w) €1(w)cosy |. pT_[ES(w)+1]2' (8D
€,(w)siny —e;(w)cosy es(w)

(25) The first term in Eq(30) is the classical image factor for a
solid with dielectric functioneg(w).

We use this result in the Zak matrix multiplication method, ~Making use of the formalism of Zakt al,*® we find that

together with an expansion to first orderdfp(w), since the for an irradiated magnetic surface we can make the following

off-diagonal elements are small compared tQ(w) replacements with respect to the nonmagnetic situation:

[|e1(w)/eg(w)|<1]. However, these matrix elements pro-

vide a coupling betwees polarization andp polarization ps— Pst Psp=ps—pLSINY (32

leading to a nonzero Kerr rotation. Feipolarized incident

light (alongx direction, E™, our analysis gives the reflec- ~ and

tion coefficient fors-polarized light to lowest order ig; (w),

as Pp— PpT Pps=ppT pLSIN Y+ prCOSY. (33
_ p. is defined in Eq(27) and pt is defined in Eq(29).
Ps P pS+O(e§) (26) The change in reflection factors for a magnetic surface

" ptps compared to the nonmagnetic situation will also affect the
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reflected field from the tip. We are interested in the near fieldip-induced polarization perpendicular to the surface. Finally

and therefore take the nonretarded limitef; pp : the third term is the image from the parallel induced dipole
set up by the incoming s-polarized wajMeqg. (38)] which is
o dei(w) (34) converted to a perpendicular component by the nondiagonal

p'-_zk[ es(w)+1] response of the substrate. The latter is described thrBggh

, . which is given above. Neglectirfg; in Eq. (38), substituting
to LOWGSt order. Notice thap, has a finite value[py  ihe resulting expression in EB8) for P| into Eq.(39) and
+PTC°53” cf. Eq.(30)] in this limit and ”latps vanishes as sing Egs(15), (20), and(21) gives the field experienced by
O[(a/k)7]. In what follows, we neglecp <q/k compared  an electron between tip and sample to lowest ord&tifict.,
to p sincek>w/c in the nonretarded limit. Repeating the Eq. (24)]:

previous treatment for a magnetic material one fifmslet-
ting ps and p,, be transformed according to Eq82) and E§=(1+GL)(aoFo)[p|_Sin9—(1+pS)GHK(w)]EiSn°Sin'y

(33)] that Eq.(16) is replaced bysee Appendix A (40)
loc _ o SNy . A A A
B (d)=F|P—F1P,(zXM) 39 due to the incoming fieldES. We have usedk-(zX M)
and = —siny and defined
E°(d)=F, P, +FP-(zxM), (36) 2ey(w)
K(w)=F1/Fj=———. (41)

whereM is a unit vector in the surface plane in the direction [e3(w)—1]
of M andz is normal to the metal and directed towards it.

The coupling factor due to the off-diagonal response of théNote that the right hand side of EG40) is proportional to

mediumF+ is given by(nonretarded limjt siny, the orientation of the magnetization in the surface
plane; longitudinal polarization providing for the maximum
f kI (k. o)e- 2K €1(w) @7 field strength.
= w)e 2kd= s . . o
P 4d3 [eq(@)+ 12 E> in Eq. (40) is the major part of the average field in the

z direction in the narrow region between tip and sample,
using p$ from Eq. (31) in the last line. The physics behind created by the incoming-polarized field of magnitud&*“.

the structure of the above equations is the following. A per-The first factor in Eq(40) is understood as follows; an in-
pendicular dipole[Eq. (35)] provides an electromagnetic comings-polarized field of magnitud&{ undergoes a Kerr
field which is reflected in the surface and gives an inducedotation and a field proportional tp, is created in thez
electric field and dipole component parallel to the surfacedirection. The tip acquires acomponent of polarization and
(due to Kerr response, throughy) and perpendicular to the radiates. This radiation is also reflected back to the tip by the
magnetizatiorM. A parallel dipole likewise is reflected and surface, thus the tip sees its own image giving a contribution
provides an induced perpendicular field and dipole, due t@, p, . The total field at the tip is the original field plus the
F1. If both M and Py are parallel there is however no such image field. ThusG, is an imagelenhancementactor due

contribution. to the polarization of the tip in the direction. The quantity
_ G, depends on the dielectric properties of the tip, the metal,
E. Theoretical results the distance between them, and on the geometry of the tip.

We have now developed all the necessary ingredients for 1he second term in Eq40) is explained as follows. (1
calculating the circular polarization from E€L0). First con-  +ps)ES© is the field at the tip due to light that falls directly
sider the case of inciderstpolarized light at an angle. A on the tip plus light that is reflected from the metal surface.
field E™S (along thex direction, S=X) sets up a parallel | "€ {ip is then polarized in a direction parallel to the surface
polarizZtion of the tip and it radiates. This-polarized radla'qon is refleqted in the

surface and undergoes a Kerr rotation so that it develops a
_ incg _ S N z-component. The terr® K is the analogue g, in the first
Pi= ol (1+p) BSX+FIPI=F1P, (zxXM)]. (39 term. Once a field is crgated in tkadirection it is enhanced
Equations(15) and (35) have been used to derive E®9). by the factor (1 G,) in front.

There is also a perpendicular polarization Performing the above calculation for an incoming
_ . o p-polarized wave with amplitud&® and working only to
P, = ao[ —sinOp{MWE+F P, +F P (zXM)]. zeroth order in the off-diagonal dielectric matfisince both

(39  terms in Eq.(40) above fors-polarized light are already of

In the first term we have indicated that the conversion coeflclrSt order iney(w)] we find

ficient pps is now, due to the exact form of the reciprocity ) A

theorem, to be evaluated in a situation which is the same as EP=—(1+G,)(aoFo)(1+pp)sinES", (42)

the one considered above if we change the sigiviofThe

Kerr coupling between the induced dipole moments of the tipvhere sidEs© is the field that falls directly on the tip and

is included through the coupling functi¢ty . In Eq.(39) the  ppsin 0E'”° |s the field at the tip that is reflected from the
first term is thez-component Kerr field set up by the incom- surface. The total field is enhanced by the same factor (1
ing s-polarized light. The second term is the image from the+ G, ) as discussed above.



3540 S. P. APELL, D. R. PENN, AND P. JOHANSSON PRB 61

With the use of Eqs(3), (10), (40), (41), and (42) this  tions for theE and D fields at the sample and tip surfaces
leads to the following expression for the magnetic circularg, 4 can be determined. In the following, we only want to
dichroism, to lowest order i@, (w): keep the part ofp;,q that the tip sends onto the sample. As

we will see in Appendix B, this separation can be done by a
simple inspection of the solution.
' Step (iii) We proceed to find the field that is reflected
(43 from the sample surface due to the second term in(8@);
this is the converted fiel&*". Equation(30) defines a sur-

Note that the light enhancement fact®r from the perpen- ;. response functio;a(k,w)ng, which in terms of inci-

dicular field component drops completely out of the problemyent and reflected electrostatic potentials is defined as the
as does the dipolar facto, 5o the ratio does not depend on ratig [— ¢'fi(k, w)/$"(k,w)]. A further analysis shows

where in the junction the light emission takes place. In Secthat within a nonretarded treatment there is a local relation
I we .WI|| make a more re_alls.tlc estimate qf E@i3) forthe  ponveenx. EIN® andz. E©O,
magnitude of the magnetic circular dichroism. However, let

1+ps
1+p,

K(w)
sing

pr—p =4 sinylm[—

PL
+
1+ Pp G”

us already here say that the fact tl@t drops out of the 2e1(w) .
dipole-model calculation gives one hint to why this model, EZ"™(p)=—————[x-Eig(p)]. (46)
as we will see, yields results for the magnetic circular dichro- [es(w)+1]

ism that are of the right order of magnitude although the fieldStep (iv) In this final step, we calculate the enhancement of
enhancemer(described byG, ) in the dipolar model may be the converted field due to the presence of the model tip. The
very different from that calculated in the improved model. converted field discussed above can be represented in terms
of a scalar potentiap®. Again, with the tip presenip® alone
ll. IMPROVED THEORETICAL MODEL does not solve Laplace’s equation; it must be supplanted by
another contributionp;; 4. The calculation determining; 4
Here we outline a calculation of the tip-induced MCD is completely analogous to the one carried out in Ref. 12, the
signal within a model geometry where the STM tip is repre-only difference being tha$° is the driving “force” in the
sented by a sphere characterized by a bulk dielectric functiopresent case. Having found® and ¢;4, we evaluate the
er(w). This allows for a much better description of the tip corresponding electric field on the symmetry axis. This is the
polarization. Most of the calculational details are deferred tdip-induced contribution tdE; appearing in Eq(10).
Appendix B.
We set out to determin&; in Eq. (10), and this is IV. NUMERICAL RESULTS AND DISCUSSION
achieved via the following four stepgi) The incoming
s-polarized wave is reflected by the sample surface. Thi

yields a total fieldE® parallel to the surfacdii) That field e of the tip discussed in Sec. IIl. We use experimental
in turn drives the model tip so that it sends out a field that iSopticaI data for the dielectric functions of the tip and the
reflected back and forth between the tip and sample. In thi§ample. The off diagonal matrix elements of the sample di-
step, we need to extract the part of the field that the tip Sendélectric function e,(w) are obtained from magneto-optic
onto the sample(iii) Next, due to the off-diagonal elements (o effect measurements. The literature contains many de-
of the sample dielectric tensor, part of the electric field par- ailed calculations and measurements of the Kerr effiect
allel to, and incident on the sample is converted to a fiel ip present. The Kerr effect is an optics effect caused by the

perpendlc_ular to the surface as fc.)”OWS from E80). It is spin-orbit interaction that was discovered in the last century.
only at this stage that the magnetic properties of the samplgy, o ¢ orhit interaction is small in Fe and Co because the
enters the calculatior{iv) In the last step, we calculate the orbital momentum in & metals is small. It is only in this
degree to which the converted electric field is enhanced inc':entury that a microscopic theory has emered? The
side the tip-sample cavity.

S 3 With larized incident f he righ Kerr effect has recently been calculated by a number of
tep (i) With ans-polarize wave incident from the right - g6,,55 for a variety of elements and compoursie, e.g.,

(positive y) Wi.th e_Iectric ﬁgld E;"~, the Fresnel formulas Gascheet al. and Delinet al2%24. Similarly, on the experi-
yields a total field just outside the sample surface given by mena| side there have been a number of measurements from
5 those of Krinchik and Artem’e¥> whose results we use to
EeX=E"(1+ p,) =§<EL”Cp+pp . (44)  obtaine;(w), to the recent results of Wellet al*® (see also
s
Thus before introducing the model tip into the problem, we, Eduation(43), derived for the dipole model, consists of
have an electric field outside the sample that can be ddwo terms; the first corresponds to the direct Kerr rotation by

: : s : the sample and the second to the Kerr rotation of the light
h I h I |
scribed(in the nonretarded limitby the scalar potentia produced by the radiating polarization of the STM tip as

We now present numerical results for the dipole model of
the tip based on the expression in E4R), and for the sphere

$= —xE (45)  previously discussed. We will refer to the two effects as the
_ substrate Kerr effect and the tip Kerr effect.
whereE®'=E 2p/(p+pg)]. In order to use the dipole model to make an estimate of

Step (ii) Once the model tip is introduced into the prob- the tip-induced Kerr effect we calcula@ from Egs.(21),
lem ¢*" alone is no longer a solution of Laplace’s equation(22), and(23). The distance between the surface and the tip
in the region above the sample, instead another contributio(i.e., from the surface to the sphegiie very small compared
#ing has to be added. Using the appropriate boundary condte the tip radius so that~R in Egs.(22) and(23) andGj is
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Polarization pt — p~ (%) tip-induced degree of polarization has been calculated for Ag
Results for Co sample and W tips, respectively, using either the dipole model or the

0.5 ' ' ' " (a) sphere model. The sphere model gives a larger degree of
Ke&\_/& circular polarization than the dipole model, because it is a

0 e ——————— e better description of the local electromagnetic interaction be-

w tween the tip and the sample. In our calculational schemes,
the tip-induced contribution ultimately results from a Kerr
05 § rotation of the electromagnetic fields incident from the tip

onto the sample. The strength of the incident field is deter-
mined by how strongly the tip is excited by the incomisg
wave as well as by waves reflected back and forth between
the tip and sample. The sphere model allows for a more
-15 ' ' . ' complete treatment of the repeated reflections than the dipole
L5 20 Ph 3-5 3.0 v 35 40 model, and therefore gives larger values for—p~. The
oton energy (eV) dipole approximation works fairly well because the circular
Polarization p* — p- (%) polarization is given by.the ratio qj ands glectlric fields.
pr=r Results for Fe sample The effects of t_he t|p_-samp_le interaction is partlcu_larly
0.5 , | : | pronounced for a silver tip. An isolated sphere has a dipole-
Full lines-Sphere model plasmon resonance when the dielectric functiepw)
Dotted lines-Dipole model =—2. For silver, the dielectric function approaches this
8. value near 3.5 eV. Then the model tip becomes highly po-
larizable and the feedback mechanism, the waves reflected
between the tip and the sample, described above becomes
even more effective. In connection with this the electromag-
netic response functions that enter our calculations undergo
large phase shifts so that" —p~ changes sign one or sev-
eral times?® The relatively small magnitude of the results for
the MCD is due to the factoreg+1)? in the denominator in
Egs. (31) and (46). Sinceeg for both Co and Fe is rather
large this suppresses the MCD signal. From bulk arguments
one could have assumed that the circular dichroism should
FIG. 2. Calculated results for the circular polarization fara  be proportional tce; /e5. However, the presence of the sur-
Co sample, andb) a Fe sample. Each of the figures present resultface changes the magnitude of both the field going into the
obtained from both the dipole modédotted curvesand the im-  solid to be Kerr rotated and the resulting field going out
proved(spherg model (full curves, moreover, results correspond- again; in both cases with a factor &4+ 1).
ing to Ag and W tipgas indicated next to the curyess well as the It is immediately clear that within the model we have
substrate Kerr contribution are displayed in both panels. In th%onsidered, there is no explanation for the large values for
sphere-model calculation we usBe=300 A for the tip radius and the degree of light polarization found by ¥gues de Parga
D=5 A for the tip-sample separation. The sphere model in gen-, 4 Avaradd' The calculated results are an order of magni-
eral gives a larger tip-induced contribution to the degree of pOIar'tude or more smaller than the experimental results found in
ization, nevertheless the_ re_sults obtaine_rd with the two differenhef_ 4. Even though we use a rather simple model for the
methods have many qualitative features in common. geometry as compared with the complicated, and to a certain
) ~degree unknown geometry of a real STM tip, we cannot see
determined by using experimental values for the dielectriqyoyy this could make up for the very large difference between
functions of the tip and sample. When comparing our resultgyperimental and theoretical results. Varying the geometry
in Eq. (43) with the experiments of Vajues de Parga and parameters within reasonable limitwithin a nonretarded
Alvaradd® and Pierceet al,” we immediately rfacognize that formulation the results depend only &D) can change the
in the longitudinal configuration that they useandM are  calculated degree of polarization by a factor of 2 at most.
perpendicular to each other so that ginl. This is also the case when using different sets of optical data
Considering the improve@spherg model, the quantities for the dielectric functions entering. On the other hand, our
entering Eq(10) were calculated as outlined in Sec. Il and calculated results are consistent with the experimental results
Appendix B. As for the model geometry we here used aound by Pierceet al.” on Fe samples. Our results are also
tip-sample distanc®=5 A , and the tip radiuR was setto  small compared to those obtained in the calculations of

Dotted lines-Dipole model
-1.0  Full lines-Sphere model

Kerr

1.5 2.0 2.5 3.0 3.5 4.0
Photon energy (eV)

300 A . Majlis et al.® some of the reasons for this are given in a
The results of the calculations for the degree of circularfootnote?
polarization,p™ —p~, are presented in Fig. 2. Figuréap Our results are not affected by the assumption of a bulk

displays the results obtained with a Co sample, while Figsample compared to the very thin Cb00A) film on Au?,

2(b) shows the results relevant for a Fe sample. In eaclprovided it can still be described with bulk dielectric data.
panel, the results for the substrate Kerr contributione  Calculations by Mooget al*° indicate that there are no fun-
single curvé and the tip-induced contributioffiour curves  damental changes in actual numbers for films ranging in
to the degree of polarization are presented separately. Thhickness between 100 and 400 A, except a slight enhance-
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ment of the Kerr parameters. Stray fields from domains are
not strong enough to affect the circular polarization.
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APPENDIX A /
In this appendix we show how to evaluate the different x’ Sample
angular integrations required in averaging the local dipole
field over a magnetic surface. We first have a look at the z

integrations for the nonmagnetic case. In this instance we

have three types of integrals appearirfgjzk(fE“f),
Jd?k(k-Ef), and [d’kE}. They can be expressed

FIG. 3. Schematic illustration of the coordinate system used in
the improved model calculation.

in terms of the three integral§dkk, fd?k(k-P;) and asinhg asing e’
Jd?k[k(k-Py)]. Performing the angular integration we find =, X4y =0
that the first integral is identically zero. Since the second coshp—cosa coshp —cosa (B1)

integral isPy dotted with the first integral it also vanishes.
This leaves the third integrdivhere ¢ is the angular vari- Both the sample surface/(=0,5=0) and the sphere

able: B=Bo=In[1+(D+a)/R]

f d_qDR(R, P)= Ep _ (A1)  are constang surfaces. The length scale is set by the param-
2 = 2"l eter
This result is obtained by expressik@sxcose+y sing and a= D2+ 2RD.

k- Pj=P,cosg+Pysing. _ o

In the magnetic case we have two extra angular factors in Let us embark on the calculations described in Sec. IlI.
the integrand Compared to the nonmagnetic casey aind Step(l) IS a Stralghtforward appllcatlon of the Fresnel formu-

N A A -~ - H ioext_ ext_ ,/ -ext

cosy. Expressed in terms ok they arek-M and z-(M las that yields an _e>.<ternal potenfud:l_ =~ XET=x E
< &Y. wherell i it vector in the directi fth lied [see Eq.(45)] describing the electric field of ampolarized

). wherelvl 1S a unit vector in the direction of the applied 46 reflected off the sample surface. In the bispherical co-
magnetic field. Repeating the same steps as above we fi

. ; . "ordinates this potential can be written
that all integrals can be expressed in terms of the following

four integrals: [d?k[z-(MxK)], [d?kk[z-(MXxK)], $*'= — E®/8a/coshB— cosa
Jd%k{(k-P)[z-(MxK)]}, and  fd?k{k(k-P)[z- (M .

Xk)]}. The first and last integrals vanishes since they are x >, e~ ("*12)8pY(cosa)cose’. (B2)
odd ink. The second integral becoméézx M) using Eq. 1

(A1). For the third integral we obtain Proceeding to stefii), we introduce the induced potential

bing,» @and make the ansatz

de . A~ oA 1 I
—(k-P)[z-(MXKk)]=zP- (zXM A2
J 277( pLz-( )] 2| ( ) (A2 bing= — V8aE®/coshB — cosa
again expressing the different vector§<iand§/ components * L )
and using Eqg.Al). With the use of these results it is a X; Fn(B)Pr(cosa)cose’. (B3)
straightforward manipulation to arrive at Eq85) and(36).
In the sample g<0), the functionF,(B) is given by
APPENDIX B
_ , _ _ o Fn(B)=(Ap+Bp)e V2%, (B4a)
This appendix explains the calculations outlined in Sec, _
Il in more detail. To carry them out we use bispherical N the tip (8= Bo)
coordinates? furthermore, to facilitate the connection with
1 ! — (2n+1)B —(n+1/2)p
similar, earlier calculations by t&sand others$?33 we also Fn(B8)=(Ase °+Bp)e : (B4b)
introduce another Cartesian coordinate syst&my(,z’) in  and finally,betweerthe sample and tip (€ 3<p,)
whichx’ andz’ are reversed compared wittandz, see Fig.
3. The bispherical coordinate@(x,¢') are defined by Fo(B)=A,e"" 2P+ B e (NT12)5 (B4o)
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Thus, F,,¢inq. and therefore the tangentigl field is con- es() 0 —e,(w)siny
tinuous across the tip and sample interfaces. From the form ,

of Eq. (B4c) it is clear that the field that the tip sends onto  €iji — 0 es(w) —ex(w)cosy
the sample is contained in th&, terms; these fields decay e1(w)siny e;(w)cosy es(w)
exponentially as one goes away from the tip. (B1Y

To determine the coefficient#), and B, we must also | et ys use this to calculate the modified sample surface re-
demand that the displacement field perpendicular to th%ponse function. If a potential

sample and tip surfaces is continuous across these interfaces.

At the sample this means that d)inc: ek pgk? ot (B12)
Ibing dbing acts on the gample, its response yields another contribution
€s = (B5)  to the potential above the surface
B |, p |,
B=0- B=0+
refl_ _ ik-pa—kZ' f—iot
(hereeg is the sample dielectric functipnwhich yields ¢ xs(k 0)e e e, (B13)
where yg(k, w) is the surface response function. Combining
Br=—x5An, (B6)  these two contributions to the potential with a solution to

) Laplace’s equation inside the sample
where the sample surface response function

PT=T(k,w)e Pek? g1t (B14)

(B7) and applying the usual boundary conditions, we obtain using
Eq. (B11) that

65_1
Xs— 65+ 1 ’

Note that the contribution tB, coming from¢®*is already

continuous since the external potential results from using the e 1 2iesin(y+ ey)
Fresnel formulas. At the tip-vacuum interfage=€ B,), both xs(@)= est1 * (es+1)? ' (B19)
. . L. S
ding and ¢ must be considered in the boundary condition R
for D, . This yields an equation system involving the coef-whereg, is the angle betweek andx’.
ficients A, The second term in EqB15) is our main concern; it
governs the electric field conversion at the surface of the
U AL+ VEA 1+ WoALL1=S,, (B8)  magnetic sample. In view of E¢B15) we write the potential
corresponding to the converted field as
where
2i€1((1)) . .
U5=—(2n+1)coshB, (e ¥2Po— g yr e (+12)60) k)= = TSI+ ) o). (816
S
4 sinh,BO XT(e(n+ 1/2)Bg Xs ef(n+ l/2)ﬁ0)’ (Bga)

Since we do not know the Fourier transfor#lS(k) we
cannot immediately use this relation. However, specializing
to the longitudinal configuratiom(= 7/2) and using the fact
that on the sample surface; = f(p)cose’ (p is the dis-

_ 312 —(n+3/2 ind ,
Wi=(n+2)(el"" 30— ysx7e”(""32Po)  (BIO)  tance to the symmetry ajisone can show that witim
=My’ there is a local relation betweer’-ENS and

2/ . Econv

Vi=(n—1)(e" V2o o yr e~ (1280), - (Bob)

and

S,=— x{e” (""Y2Bo[ sinhBy— (2n+ 1)coshB,]
+(n—1)e ("ot (n+2)e” ("3} (BId) Ex™(p)=
(est+1)?
One arrives at these equations through a procedure that j : .
completely analogous to the one used in earlierﬁe calculation leading to EqB17) also shows that both

calculations->3?Solving Eq.(B8) for the A, coefficients, we these fields can be written on the fornfy(p)

, :
can determine the tip-induced potentimcident on the +fy(p)cos 2, w_herefo and fz_are functions O.fp' _The
second term obviously cannot induce an electric field pos-

2 R )
2ale) el (@17

sample, ) ) )
P sessing az’ component on the symmetry axis of the tip-
inc_ _ e [coshB — cosar sample system, so we neglect it from now on. The cylindri-
Pind VBaE>/coshp - cose cally symmetric part of the fielE®"(p) can be derived
o from a potential written as

X >, Ae"V28pl(cosa)cose’.  (B10)
1

#°= 2 a\JcoshB—cosa >, T,e (""Y2Bp (cosa).
Next, we have to consider the electric field conversion at 0 (B19)

the sample surface due to the off-diagonal components of the

dielectric tensor in Eq(25). In the primed coordinate sys- The coefficientsT,, in Eq. (B18) can be calculated with the

tem, it takes the form aid of Eq.(B17). To this end we extract the cylindrically
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symmetric part ok’ - :gg by taking the average of its values

on thex’ andy’ axis, respectively, and rewrite these expres-
sions as sums of Legendre polynomials only. At the expense

of introducing a more complicated prefactor this yields

J1—cosa <

S pEinex’(y') — ext
X" Eind VBE 1+ cosa 2o:

cX'¥)p, (cosa),
(B19)

where the superscript’(y’) indicates whether the field is
evaluated on th&’ ory’ axis. The coefficient€X andC}’
are given by rather lengthy expressions involving #eco-
efficients. It is also possible to rewriﬁaﬁ, resulting from the
z' gradient of Eq(B18) as a sum of Legendre polynomials
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and in the tip 8= 8,),
Fﬁ(p)(ﬂ) — (Ag(p) + Bﬁ(p))e*(nJr 12)(B—Bo), (B230

The external potential in the case of the converted field is
given by Eq.(B18)

#°=/2 a\Jcoshg— COSa; T,e” (" Y2Bp (cosa),

whereas in the case of an incomipgvave it is

2€ .
sP Ey°y2ay/coshB—cosa
t

ext_ _ i
bp sin 6—63p+ 0

©

preceded by the same prefactor as in E8{9). From Eq.
(B17) we then obtain the following equation system deter-
mining theT,’s:

X 20: (2n+1)e~ ("t Y2Bp _(cosa),

(B24)

where the first factoe Ei,?c is the resultingz’ component of

_ e(o) 'L~y the E field just outside the sample surface as obtained from
V“T“*2+unT“+W“T“+2_(E + 1)2E6XI(CH +Ch), the Fresnel formulas.
s (B20) Proceeding along the same lines as when deriving Eq.
(B8), we first obtain
where
1 (h—1)n Bﬁ(p): —Aﬁ(p)e_(2”+l)ﬁoxs (B25)
VT T4 on—1 ¢ and then the equation systems
1 (n+1)? n2 UnAn+VoAL +WhAL L =S) (B26)
U=z 2"+ 53 T anm1) and
and p p P _gap
UnAR+V,oAR W AR, =S] (B27)
= E W (B21) determining the enhancement due to the presence of the tip

4 2n+3

of the converted field and thepolarized wave, respectively.

The final step amounts to solving for the enhancement of thél’:Seegoefflments on the left hand side are the same in both

z' component of the electric field between the tip and sample
due to the presence of the tip. In fact, to obtain the final

. . : ) Un=(2n+1)coshBq(1— e~ (2n*+1ho
result for the degree of circular polarization, this calculation n= ) Bol1 = xsxr )

has to be done with two different driving forces. On one — x1SinhBo(1— xse~ (21 Doy, (B283
hand, usings® as a driving force we obtaik; to be used in

Eq.(10), ifinstead, as in Ref. 12, the potential corresponding V,=—n(1— ysyre " Dho), (B28b)
to a reflectedh wave is used to drive the tip-sample system,

we obtainEP to be used in Eq(10). The two calculations W,=—(n+1)(1— ysxre ?""3F0).  (B280

can be done in parallel. We make an ansatz for the potentials

induced due to the presence of the tip in the two cases | e right hand side in EqB26) is

Si=yxre ("V2hof[sinhBy— (2n+ 1)coshB, T,

c(p) — — c(p)
¢P) = /2 a\/coshg COSa% FEP(B)P,(cosa), FnePT. Lt (nt1ye FoT, ), (829
(B22 while for the case of an incideqtwave we obtain
where the superscriptsandp, respectively, indicate that it is
either the converted field or an incomipgwave that plays ) 2esp Cni1e
the role of driving force. In the samplg8&0), Si=sin6 esp+ Py poxre (A%{(2n+1)
FEP(B) = ASP (N +112)(B=Bo) 4 BE(P) (N +1/2)(B+ o) X[(2n+1)coshBy—sinhBg]
B23
(B233 —(2n2—n)efo—(2n2+5n+3)e Po}. (B30

in vacuum (0<B=<f)

Once all the coefficient#\; and A2 have been determined
using Egs.(B25), (B26), and (B27), we can calculate the
resulting electric fields on the symmetry axis as

FEP(B) = ALP e+ 12)(5= o) P g~ (n+12) (B~ Fo),
(B23b)
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s coshB—cosa[d¢ . Il (B31) LS ut
z a B B | P —g%-Z Iml —| (B33)
p
and so that using the reciprocity theorem, keeping in mind the
oxt ; sign change ok, discussed earlier
o coshB—cosa| ¢y  ddhy
= + . (B32 s
z a aB aB . 2
: p T —p =4Iml — . (B34)
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